UNIVERSITY
OF WISCONSIN

CMS Technical Summary Report #89-16

WEAK ASYMPTOTIC DECAY VIA A
"RELAXED INVARIANCE PRINCIPLE"
FOR A WAVE EQUATION WITH NONLINEAR,
NONMONOTONE DAMPING

Slemrod

M.
CENTER FOR THE
MATHEMATICAL
SCIENCES

AD-A204 079

Center for the Mathematical Sciences
University of Wisconsin—Madison
610 Walnut Street

Madison, Wisconsin 53705

October 1988

(Received October 10, 1988)

Approved for public release
Distribution unlimited

Sponsored by

Air Force Office of Scientific Research
Air Force Systems Command
Washington, DC 20332




UNIVERSITY OF WISCONSIN - MADISON
CENTER FOR THE MATHEMATICAL SCIENCES

WEAK ASYMPTOTIC DECAY VIA A “RELAXED INVARIANCE PRINCIPLE”
FOR A WAVE EQUATION WITH NONLINEAR, NONMONOTONE DAMPING

M. Slemrod
Dedicated to Jack Hale on the oczasion of his 60t* birthday

CMS Techuical Summary Report #89-16
October 1988

ABSTRACT

This paper considers the problem of asymptotic decay as t - « of solutions of the
wave equation U, = Au = -—a(x)B(ut,Vu), (tx) € RT x f) (a bounded, open, connected set in
IRN, N > 1, with smooth boundary), u=0 on RY x 8Q. The nonlinear function B is
assumed to be globally Lipschitz continuous, B(y) =o(|y[) as [y]| ==, B(O,y5...yN,1) =0
yIB(yl,...,yN+1) 20 forall ye lRﬁﬂ’, B is not assurﬁed to be monotone in yq- Under
additional restrictions on the kernel of B conditions are given which imply [u,u[] converges
to [0,0] weaklyin H= H(IJ(Q) X Lz(Q) as t -, The work generalizes earlier results of

Dafermos [8] and Haraux [15] where strong decay in H as 1 -« was obtained in the case

B(yrYN4p) =AYy q monotone on R.
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WEAK ASYMPTOTIC DECAY VIA A "RELAXED INVARIANCE PRINCIPLE"
FOR A WAVE EQUATION WITH NONLINEAR, NONMONOTONE DAMPING

M. Slemrod

0. Introduction
In [8] Dafermos considered the problem of the asymptotic behavior as t -+« of

solutions to the weakly damped wave equation

ou + a(x)q(ut) =0 onRx Q,
(0.D
+
u=0 on R x0dQ,

where ou = U, — Au, Q 1is an open, connected, bounded set in lRN, N 2 1, with smooth
boundary, and a e L7(Q), a20 ae. in Q. Dafermos showed that if meas(supp a) > 0 and
q is a continuously differentiable strictly increasing function on R, then for any weak
solution u of (0.1) with initial data u(x,0) = uy(o), v,(0) = vy(x) in H=H{EQ) xL*Q),
the "state” [u,u[] — [0,0] strongly in H as t- . Subsequently Haraux [15] generalized
Dafermos's result to include cases where q is neither strictly increasing nor smooth but where
q does possess a maximal monotone graph. The goal of this paper is to remove the
hypothesis of monotonicity completely and replace it with the less restrictive assumption that
q: R - R has its graph in the first and third quadrants which may touch the horizontal axis
either to the left or right of the origin. As we shall see there is a price paid for weakening the
hypothesis on q, namely we must assume a € C*(R), q is continuous, q(0) =0, q satisfies

growth and Lipschitz criteria, and most importantly decay is now only shown to be in the

weak topology of H.

Supported in part by the Air Force Office of Scientific Research, Air Force Systems
Command, USAF, under Contract/Grant No. AFOSR-87-0315. The United States Government
is authorized to reproduce and distribute reprints for Government purposes not with-
standing any copyright herein.




The use of the weak topology in showing asymptotic decay is not new [3,4,5,6,8,25].
The basic ideas used here were exposited by J. M. Ball in [3]. However within the context of
Ball's paper [3] one would require q viewed as a map L2(Q) — LZ(Q) be weakly
sequentially continuous. Since this is not the case for general (nonlinear) continuous functions
q on R, itis pleasant to report that the results here show that such a weak sequential
cbntinuity hypothesis is unnecessary.

In line with the above remarks one may readily note that (0.1) may be written in the

first order form (see Section 3)

g% = AU + F(U)
02)
U@ =UyeH

At on a real Hilbert

where A is the infinitesimal generator of a linear CO semigroup €
space H and F: H — H is nonlinear, continuous. For such systems various extensions of
the useful LaSalle Invariance Principle [16,17] have been given to prove decay to equilibrium.
In fact such ideas date back to the work of Hale and Infante [14], Hale [13], and Zubov [301.
More recent results may be found in the papers of Ball [3], Ball and Slemrod [4,5], Brezis [6],
Chafee and Infante [7], Dafermos [6], Dafermos and Slemrod [9], Haraux [15], Pazy (21],
Webb [28], and books of Hale [13], Haraux [16], Hex}ry [17], Pavel [20], Saperstone [23], and
Walker [27]. However in all the work to date (except for the paper of Ball and Slemrod [5]) at
least one of the following hypotheses has been made
(1) cAt is "smoothing" i.e. eAt is compact map: H—H for t> o2 0. This is
useful in "parabolic" like problems (see (3,7,12,13,17,21].)
(ii) _A—F is a maximal monotone operator. This is useful in "hyperbolic”
problems when —F itself is monotone (see [6,9,15,16,20,23,27]).

(iii) HeAtil < M~ for some o > 0. This is useful when A itself generates a

strong dissipative mechanism (see [28]).
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(iv) —A 1s monotone and F is weakly sequentially continuous. This useful in
"hyperbolic” problems where the nonlinear terms have sufficiently few

derivatives (see [3,4]).

Surprising perhaps the simple case when —A is monotone and F is continuous
(which includes (0.1)) with no weak continuity or montonicity assumptions on —F is still
open (modulo the special cases considered in [5]). It is in this respect that the results given
here may shed some light on the general problem of decay to equilibrium of infinite

dimensional dynamical systems.

The paper :5 divided into four sections after this one. Section 1 provides basic
definitions and concepts from the theory of nonlinear semigroups. Section 2 shows how
semilinear equations of evolution generate nonlinear semigroups. Section 3 then presents
details as to how a more general version of (0.1) may be placed in semilinear form. Finally
Section 4 derives a "relaxed invariance” principle (Corollary 4.7) which applies to (0.1), (0.2).
The main tools used here are Young measures to express composite weak limits as expected

values and the concept of generalized evolution equation.

1. Preliminary results on nonlinear semigroups
Definitions. Let H be a real Hilbert space. A (generally nonlinear) semigroup T(t) on H

is a family of continuous maps T(t): H—H, Te lR+, satisfying (i) T(0) = identity,

(i) T(t+s) = T@T(s), forall tse RY.

For % € H define the positive orbit through by &'(x) = U , T(®x. The @-limit set
teR

of y is the (possibly empty) set @w()) = {Ye H; there exists a sequence t, > as n—w

such that T(t n)x — Y as n — «}. The weak «-limit set of % is the (possibly empty) set
given by ww(;() = {y e H; there exists a sequence t,—* as n-—o such that T(tn)x >y

as n — »}, Here - denotes weak convergence in H.




2. Preliminary results on nonlinear evolution equations

Consider the initial value problem
T =AU+FU), @.1)
U(ty) = Uy (2.2)

where A is the infinitesimal generator of a linear CO semigroup eAt on a real Hilbert
space H with inner product (-,-) and norm ||-||, F: H— H is a given function and

UO € H is a given initial datum.

Definition [1]. Let ty >t A function U e C([tO,tl];H) is a weak solution of (2.1), (2.2) on
[tgt,] if Ulty) = Uy, FUC)) € LX(tt s H) and if for each W e D(A™) the function

(U(t),W) is absolutely continuous on [tO,tl] and satisfies

d *

F(U®,W) = (U@,A W) + (FU®),W)
for almost all te [totl].

Theorem 2.1 {1],[3]. Let t >ty A function U: [tO’tI] — H is a weak solution of (2.1),
(2.2) on [to,tl] if and only if F(U(-)) € Ll(to,tl;H) and U satisfies the variation of

constants formula

t
A(t—ty)
Uty =e U, +j A=) BU(s))ds

)

forall te [to,tl].




Theorem 2.2 [22]. Let F: H— H be locally Lipschitz in U. Then for each UO € H, (2.1),

O’tmax)’
);H). Moreover if Un € C([to,tl];H) are weak solutions of (2.1),

(2.2) has a unique weak solution U defined on a maximal interval of existence [t

tmax > o Ue C([tO,t max
(2.2) such that Un(O) — UO as n-— o« and ty >ty then Un — U in C([to,tI];H) as
n-— o, where U is the unique weak solution of (2.1), (2.2) satisfying U(0) = UO‘

Furthermore for any weak solution U with tnax <% there holds

a

lim U@ ==.
tTt

max
Theorem 2.3 [4]. Let F: H — H satisfy
(1) F islocally Lipschitz,
(i) (FU),U)<0 forall Ue H.
Then (2.1), (2.2) possesses a unique weak solution U(t;UO) on R for each UO € H.
Furthermore T(t)UO = U(t;UO) defines a semigroup on H, mw(UO) is a nonempty set for
each UO e H.

The proofs of Theorems 2.1, 2.2, 2.3 may be found in the indicated references. Of
course Theorem 2.3 follows directly from Theorem 2.2 since [[U()]| < [[U,|| by (ii) and

hence thax = and orbits are weakly precompact in H.

ax

3. The damped wave equation

In this section we show how a generalization of the nonlinearly damped wave equation

(0.1) may be placed within the semigroup formalism of Section 2.

N

Let Q be a bounded, open, connected subset of R*°, N 2 1, with smooth boundary.

N+1

Let B: R — R be such that



(1) B is globally Lipschitz continuous with Lipschitz constant L

(1By)-B@| <L|y-z)),

(ii) BO.yp¥gyp) =0 forall yeRNTL,
(iii) By) =o(ly]) as |y| — =,
(iv) yIB(y) 20 forall ye RN+

Let ae C(Q), ax)20 and a £0.

Consider the nonlinearly damped wave equation

ou = —a(x)B(ut,Vu)
u=90
with initial data

u(x,0) = uo(x),

u t(x,O) = vo(x).

Ifweset u =v, U= [ 3 ] then (3.1), (3.3) may be written in the first order form

t

du _
HT—AU + F(U),

on R"xQ

on Rt x9Q

xeQ

U@ = UO ,
where

0 1 0

A= , FU)=
A O —a(x)B(v)

Y
Un =
0 Vo }

Set H= H(IJ(Q) X LZ(Q) where H is endowed with the "energy" inner product

6
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(U,0) = (vu,vu) 5+ (V) 5
L) L

for

It is well known that A with
X 2 1 1
D(A) = {[uv]; ue H7(Q) x Hy(Q), v e HyQ)}
generates a CO group of isometries on H. Furthermore since
IFQQ)-E@)] = fla¢- )B(v,vw) — BE v,
L°(Q)

<VIC, <nv—vniz(ﬂ) + uvu—vﬁniz(g)ﬂ’z

< ¢, vl - G
<vZCy U-UJ2 ¢, = Gup 2L,

we see F is globally Lipschitz.

1s0 we note

(FU)LU) = ~@(-)Brvw)v) 5  <0.
L7(Q)




Hence Theorem 2.3 applies and U(t;UO) = T(t)UO defines a nonlinear semigroup on
H= H(I)(Q) X LZ(Q). To determine the asymptotic behavior of T(t)UO as t— o we will

now investigate the properties of the nonempty weak w-limit set associated with UO e H.

4. Asymptotic behavior of solutions to the damped wave equation

As before set U = [u,v], the weak solution (3.1)—(3.3). Then a standard

approximation argument [3] shows

t
2 2
IUGUI"—Ul* = —2(J) (a(-)B(v,Vu),v)Lz(Q)ds <0 @.1)

and so
+
[UGUI < [[Ugll  forall teR".
Now fix [@,y] € a)w(UO), i.e. there exists t q ' SO that
- M 1
u(t n;uo,vo) ¢ in HO(Q)
as n — oo,
- 3 2
v(tn;uo,vo) vy in L%(Q)
For this sequence t n consider the translates

def .
Un(t) = U(t+tn,U0) .

Certainly




nUn(I)” S ”U()”

so that for any fixed T >0

T
[ 1P s Uyt
0

and (U_) is a bounded sequence in L2((0,T);H).

Lemma 4.1. The translate sequence Un = run,vn] possesses a subsequence also denoted by

[un,vn] so that

U =lu.v]—UO=[G# in L2((0,T):H)
and

Un = [un,vn] — U =[uw] in C([O,T];Hw) .

Here H, denotes H endowed with weak topology; [u,w] € L2((O,T);H)0C([O,T];Hw). In

particular

u =T in L2(O.T)H)@Q),
u_=vd in L2(QT)N, (4.2)

v =V in LAQy,

where QT = (0,T) x Q.




Proof. Weak convergence of a subsequence of Un in L2((0,T);H) is obvious. Not quite so

obvious is the fact that [un,vn] — [u,w] in C([O,T];Hw) but this follows from the argument

of Ball and Slemrod [4, Theorem 2.3].

We now recall a result of M. Schonbek [24] on the representation of weak limits in

terms of Young measures (see also Tartar [26], Young [29]).

Proposition 4.2. Let O be an open set in R™. Let w 0 O0nRY bea sequence of functions

uniformly bounded in (Lp(O))q for some p > 1. Then there exists a subsequence { W }
k

and a family of probability measures {Vy}y co On RY so thatif fe C([Rq;{R) and satisfies
f(w) = o(|w|P) as |w| — = then

fiwy )= vy 00) = [ 10wy 09
R4

in the sense of distributions.

From the above proposition we can immediately state the following lemma.

Lemma 4.3. For the translates {vn,Vun} C L2(QT)N+1 there exists a subsequence

{Vnk,Vunk} c L2(QT)N+1 and a family of probability measures [Vx,t} (x,t)e QT on [RN+1

such that if fe C(HQNH;ZR) and satisfies f(y) = o(lylz) as |y| — « then

£QL)) = J f)dv, (V)
IRN+1

f(vp ’Vunk) — <vx,t’

k

in the sense of distributions.
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Proof. Apply Proposition 4.2 with O = QT’ m=q=N+l, p=2, W, = [vn,Vun}.

For simplicity of notation we write the subsequence (v n. V4, } of Lemma 4.3 as
k 'k

{vn,vun].
Lemma 4.4. The following limits hold:

. 1200
Bv,uu) = (v, (BY) in LEQp

vnB(vn,Vu 2D <Vx,t’>‘ B(A)) in the sense of distributions,
A= Qb

where Ve t is the probability measure of Lemma 4.3.
Proof. Since B(y) =o(]y]) as |y| — = both B(y) and y B(y) are 0(|y|2) as |y| — .

From Lemma 4.3 we know B(vn,Vun) BA)) and v B(v ,vu )——; (v ,7\.1[3(?»)) in

— (Vyp
the sense of distributions. But since B is Lipschitz,’

[1BCv_,9u )| SLiv |l
T 2Qp T "LAQp

The uniform boundedness of B(vn,Vun) and density of C°0°(QT) in L2(QT) imply
- M 2
By, = (v, B in LAQp.

Lemma45. Ue C([O,T];HW), U(0) = [¢,¥], and for each W e D(A) the function (U(t),W)

is absolutely continuous on [0,T] and satisfies the generalized evolution equation

1




0
d *
a—[(U(t),W) = (UM),A w) + H a(- (B, vx,t(k» } , W] 4.3)

for almost all te [0,T]. (Here Vot is the probability measure of Lemma 4.3.)

Proof. Since Un are weak solutions of (3.1) — (3.3) we know for all W e D(A*) = D(A),
te [0,T],

t t
(Un(t),W)—(U(tn),W) = J (Un(s),A*W)ds + (l; (Fu n(s)),W)ds . (4.4)
0

By Lemma 4.1, Un — U in C([O,T];Hw) SO (Un(t),W) — (U(t),W) for te [0,T].

Moreover the Lebesgue dominated convergence theorem implies

: * ! £
J(Un(s),A W)ds — J (U(s),A W)ds
0 0

for te [0,T]. Also by the definition of [@,y] U(t n) = [o,y] in H. Finally since

0
F(U_ (5)) = [ a(-)B(v,, vu) ]

and B(vn,vun) = (B(k),vx’[) in L2(QT) (by Lemma 4.4) we see

t

t 0 -
0 ’

for te [0,T). Inserting this limit (4.4) we find that
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t
TWO.W)~([0,y], W) =z[ UW,A W)ds

‘ 0
+£ H a(-)(BA), vy ) } , W]ds : (4.5)

As the right hand side of (4.5) is absolutely continuous (4.3) follows immediately.

The concept of such a generalized evolution equation involving Young measures was
originally suggested by DiPerna [10] within the context of viscosity limits for hyperbolic
systems of conservation laws. Within the context of limiting equations on the w—limit set of
an ordinary differential equation, it was Artstein [1] who realized that an ordinary differential
equation would not be sufficient to characterize the limit flow of non—autonomous ordinary
differential equations. Here we see that similar ideas may be useful in describing the motion

of autonomous infinite dimensional dynamical systems on their weak w—limit sets.
We can now state and prove our main results.
. N, -
Definition. We set ker B = {A e R™; B(A) = 0}.

Theorem 4.6. Let Q’i" = QT N supp a. Let Yyt be the probability measure of Lemma 4.3.

Then we have for almost all x,te Q,i,
supp v, , < ker B. (4.6)
Proof. From the "energy" equality (4.1) we know

13




t
”Un(t)“2 - “U(tn;Uo)Hz =2 i (vnra(°)B(vnvvun))L2(Q) dS, (47)

for te [0,T]. Furthermore the function HU(t;UO)“ is nonincreasing and bounded from below

so its limit as t — « exists. But since U n(t) = U(t+tn;UO) it follows that

lim [[U O] - lim Ut ;Ul =0

n-o N-oe

and hence by (4.7)

t
lim | (v_,a(-)B(v_,7u)) ds=0, (4.8)
i (f) vd an 0 LZ(Q)

Nn-o

for te [0,T].
Now let ® ¢ CS(QT), 0<P<1. Since v na(x)B(v n,\7un) 2 v na(x)B(vn,vun) 20 for
all xte QT’ from (4.8) we find

T

lim J J; O(x,t)v n(x,t)a(x)[3(v vy n)dxdt =0.
n-oo 0

But now we use Lemma 4.4 and the fact that ad € CB(QT) to conclude

T
i [ ¢(x,t)a(x)<X1B(K), % t)dxdt =0 4.9)
:‘.‘ ’
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where now @ may be any nonnegative CB(QT) test function. Equation (4.9) implies
a(x)(?&lﬁ(x),vx t) =0 ae.in QT and so (.XIBO.),VX t) =0 ac.in Q.f. Hence the support

of v, . mustbe contained in the kernel of ?»1[30») for almost all x,t € Qp. By hypothesis

ot
(iij) on B ker XIB(X) = ker B(A) and the proof is complete.

Corollary 4.7. Let UO e H and U(t;UO) = [u,v] denote the weak solution of (3.1) — (3.3).
Let [@,y] denote any arbitrary element of the nonempty weak w—limit a)w(UO). Then there

is a probability measure Ve with sup Vet & ker B ae. in Q,f and a weak solution u of

t

the wave equation

=0 on R xQ (4.10)
with Dirichlet boundary conditions

u=0 on R'x0Q (4.11)
satisfying

u(x,0) = ¢(x),

xeQ, (4.12)

u (x,0) = y(x) ,

and the constraints

ﬁt(x,t) = (ll,vx,t); (4.13)

(vﬁ(x,t))i = (Xi +1Vx i=1,.,N; (4.14)
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a.e.in Q,i. .

Furthermore if

kerBc{Ae IRN+I; c; < ki < di’ i=1,..,N+1, for constant ¢, d e XNH]
then
¢, < Et(x,t) <dg; (4.15)
.y S (vﬁ(x,t))i Sdi . 171201 (4.16)
a.e.in Q.l'. .

Proof. By Lemma 4.3 and 4.5 for any [@,y] € @ W(UO) there is a probability measure Vit
and an element Ue C([O,T];Hw), U(0) = [p,y] and u is a weak solution to the wave
equation with homogeneous Dirichlet boundary conditions on 0 <t < T. But as

Ue L*((0.»);H) and T is arbitrary we see U satisfies the wave equation with Dirichlet

boundary conditions on 0 <t < «. The rest of the results are obvious.

Corollary 4.8. Assume a(x) 20 with E = supp a, meas E > 0. Assume either
kerBg(yeR; 2 20) or (ye IRN; ¥ < 0}. Then for any weak solution U(t;UO) of
(3.1) = (3.3) with initial data Uy HY Q) x LA(Q) we have UKUp =0 in Hy(@) x L)

as t — eo,

Proof. We shall apply Corollary 4.7 and an argument of Haraux [15]. First we note that u,v

satisfy ou =0, u =v, and hence are almost periodic in ¢, t € R*. Also by (4.15) Et(x,t) 20

16




(or £0) ae. in Q.i. and since T is arbitrary we note this is true on Q' + aswell. Hence
: R

the function z(t) = J u(x,t)dx is monotone in t for 0 <t <. Butbecause u is almost
E
periodic in t, 0 <t <, z must be constant and thus Et(x,t) =0 ae. in Q' 4 Butnow we
R

can adopt the following "principle of C.M. Dafermos" {8,15]:

Let ue C([R;H(l)(Q)) n Cl([R;Lz(Q)) be a solution of the wave equation ou =0 where
Qc [RN, N > 1, is bounded, open, connected with smooth boundary. Assume that for some
measurable set E c Q such that meas E >0 we have ﬁt(x,t) =0 a..on RY x E. Then we
conclude: 3=0 on R x Q.

Applying this principle to u we find u=0 and hence o, Uy = {0}.

We note Haraux [15] has shown strong decay in the case [3(y1,...,yN +1) = q(yl), q
possesses a maximal monotone graph. In the above result the decay is weak but no
monotonicity is assumed on .

We observe for example if q(§) satisfies (i) q is globally Lipschitz, (ii) q(0) = 0,
(i) g(&) = o(|&|) as [E] =, €q(E)20 forall E€R and kerqcRY or kerqcR™

Corollary 4.8 applies.

The following corollary shows that less restrictive assumptions on B yield decay to a

constrained solution of the wave equation.
Corollary 49. Let kerBc (ye [RN+1; ¢Sy dl} and a(x) > 0. Then for any weak

solution U(t;UO) of (3.1)—(3.3) with initial data UO € H(l)(Q) X L2(Q) and a sequence {tn},

t,— there is a subsequence also denoted by ({t n] so that
[u(t+t ug,v ) Vit sugve)l = [BEEW,V(EEW)]

17




in H(l)(Q) X L2(Q) 0 <t<w, where u satisfies (4.10), (4.11), (4.12) and ¢y < v(x,t) € d1

ae. in Q x (0,%).
Proof. The proof follows directly from Lemma 4.1 and Corollary 4.7.

One final remark. Since the procedure outlined above relies upon first extending the
original evolution equation to a generalized evolution equation on the weak w—limit set,
Z. Artstein motivated by ideas in control theory and the calculus of variations has suggested
the term "relaxed invariance principle” for the method used here. Hence the origin of the title

of this paper.
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